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Abstract The effects of measurement noise are investigated in the context of bipartite consensus
of multi-agent systems. In the system setting, discrete-time double-integrator dynamics are assumed
for the agent, and measurement noise is present for the agent receiving the state information from
its neighbors. Time-varying stochastic bipartite consensus protocols are designed in order to lessen
the harmful effects of the noise. Consequently, the state transition matrix of the closed-loop system is
analyzed, and sufficient and necessary conditions for the proposed protocol to be a mean square bipartite
consensus protocol are given with the help of linear transformation and algebraic graph theory. It is
proven that the signed digraph to be structurally balanced and having a spanning tree are the weakest
communication assumptions for ensuring bipartite consensus. In particular, the proposed protocol is a

mean square bipartite average consensus one if the signed digraph is also weight balanced.

Keywords Bipartite consensus, discrete-time, double-integrator, measurement noise, multi-agent

systems.

1 Introduction

Consensus is a fundamental problem for multi-agent systems (MASs), attracting much at-

tention from the research community!? 0. It is understood that global consensus is possible
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usually by and only by local cooperative interactions among the agents. However, besides coop-
eration, antagonism can also be popular in real world scenarios. For example, in social groups,
antagonism and dislike between pairs of individuals are ubiquitous, which then often leads to
a polarization: The whole group is divided into two consensus sub-groups with exactly the
opposite opinion!”. Such a phenomenon is common in many contexts with antagonism, such
as the economic systems!®!, teams opposed in a sport match, and chaotic systems!, etc..

Referred to as “bipartite consensus”, the above scenario has been carefully addressed by a
newly proposed mathematical model in [10]. In the model, the communication networks were
modeled as signed graphs in which the edge may have either positive weight (for cooperation)
or negative weight (for antagonism) for the interaction between the two agents linked by the
edge. Then, the authors proved that first-order integrator MASs with strongly connected signed
graph can reach bipartite consensus with some appropriate protocol, if and only if the signed
graph was structurally balanced. The notion “bipartite consensus”, officially defined as the
consensus where the final agent states can be different only in the sign (hence two subgroups
as in the earlier example), has become more and more popular since then.

Considerable works have already been found for the development of bipartite consensus
for MASs. To name a few, in [11], the signed digraph was relaxed to be having a spanning
tree and sufficient conditions were given for bipartite consensus. The extensions to the cases
of high-order systems were discussed in [12, 13|, whose dynamics were general linear time-
invariant systems and single input high-order systems, respectively. Bipartite consensus over
time-varying signed graphs was considered in [14]. Despite these existing works, the research on
bipartite consensus is still in its infancy. For example, most works focus on the nominal system
without the consideration of measurement noise, despite tremendous such works for conventional

consensus[l‘r”m] .

For some pioneering works for bipartite consensus with measurement noise,
the reader may refer to [23, 24] for first-order integrator MASs, and [25] for bipartite linear
x-consensus of double-integrator MASs.

Following this line of research, in the present work we consider the bipartite consensus of
discrete-time second-order MASs with a particular focus on the effects of measurement noise,
motivated by such applications as the multivehicle system[?6l. Sufficient and necessary condi-
tions for mean square bipartite consensus are provided with the help of powerful tools from
linear transformation and algebraic graph theory. It turns out that structural balance and
having a spanning tree are necessary and sufficient conditions on communication topology to
ensure a mean square bipartite consensus. Furthermore, if the signed digraph is also weight
balanced, the protocol is a mean square bipartite average consensus protocol, i.e., the mathe-
matical expectation of the position is an average of initial positions and velocities of all agents
and both the variance and mathematical expectation of the velocity are zeroes.

This work is challenging due to the following reasons. 1) Similar to [15, 16, 20-22], a
decreasing step size h(k) is introduced into the bipartite consensus protocols. It makes the
closed-loop system a time-varying stochastic system and hence, analysis tools in [10-14], which
are for bipartite consensus without measurement noise, do not work. 2) The continuous-time

results in [20] and [25] are obtained by analyzing the state transition matrix of the closed-
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loop system whose elements are expressed by integrals of exponential functions. Here, in the
discrete-time case, the state transition matrix is an infinite product of the state matrices, and
thus it is almost impossible to obtain its specific form. 3) In conventional consensus settings,
0 must be an eigenvalue of £ and £(1,1,---,1)" = 0. This property is crucial in analyzing
conventional consensus behaviors, but is generally not held for bipartite consensus, meaning
the failure of conventional powerful analysis tools[2022!,

The rest of the paper is organized as follows. In Section 2, we formulate the problem based
on the preliminaries of signed graph. Then, the main theorems are established in Section 3.
Two simulation examples are given in Section 4 to illustrate the theorems. Finally, in Section 5,
concluding remarks are provided.

Notations I, and 0 denote the identity and null matrices with required dimensions, respec-
tively. 1= (1,1, ---,1)", ® is a kronecker product, and sgn(-) denotes a sign function. Re()\)
denotes the real part of A. For given random variables x and y, E(x) denotes the mathematical

expectation of z, D(x) is its variance and Cov(z,y) is the covariance of y and x.

2 Preliminaries and Problem Formulation
2.1 Signed Digraph

The communication interactions among agents are described by a signed digraph G =
(V, &, A) that consists of a vertex set V = {1,2,--- , N}, an edge set £, and a weighted adja-
cency matrix A = (a;;) € RV*N. q;; # 0 <= (j,i) € €. a;; can be positive/negative. a;; < 0
means that agents ¢ and j are antagonistic and a;; > 0 means that ¢ and j are cooperative.
N, ={j €V | (j,i) € £} is the neighbor set of agent . Throughout this paper, we always
assume that a;; = 0 and a;ja5; > 0, 4,5 = 1,2,--- ,N. Let £ = Dg — A be Laplacian of G,
where

N N N
Dg = diag | Y _lay;l, Y lagsl,--+ Y lany]
j=1 j=1 j=1

A signed digraph G = (V, €, A) is called weight balanced if S0 |amk| = Son_; |akm|, m =
1,2,---,N.

For a signed digraph G = (V, &, A), if there exists a bipartition {V;,V2} of V such that
ViUVe =V, Vi Ve = & and ay, > 0, for any k,l € Vg4, d = 1,2; agg < 0, for any k €
Vil € Vi, d £ m,d,m = 1,2, then G is structurally balanced. Otherwise, G is structurally
unbalanced.

Lemma 2.1 (see [27]) Laplacian L of G has at least one zero eigenvalue and all the other
eigenvalues have positive real parts if G is structurally balanced. Moreover, L has ezxactly one

zero eigenvalue if and only if G has a spanning tree.

Lemma 2.2 If G is structurally balanced, then G is weight balanced if and only if IS =
diag(s1,s2, - ,sn) (s; = £1, ¢ = 1,2,--- | N) such that SAS has all nonnegative elements
and 1TSL = 0.

Proof The proof is omitted for simplicity. |
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2.2 Problem Formulation

The MAS under our consideration is composed of N dynamic agents. The ith agent is
described by

zi(k+1) =zi(k) +vi(k), wvi(k+1) =vi(k) +ui(k), i=1,2,--- N, (1)

where z;(k) € R, v;(k) € R, u;(k) € R denote the position, velocity and control input of the
ith agent, respectively.

To take into account the measurement noise, let y,, (k) = x;(k) + 04,7, (k), and y,,,; (k) =
v (k) + ov,; M, (k), j € Nj be the position and velocity of the jth agent measured by the
ith agent, respectively, where {n,,;(k), 1y, (k), 4,5 =1,2,--- , N} is the independent standard
white noise and {o,,, > 0,0,,, >0, i,j =1,2,---, N} is the noise intensity.

For the ith agent, we consider the following protocol

b = )10 3 o (sentan, (0= 80) + (st (0 )| 2

where h(k) > 0 is the time-varying consensus gain, and limy_ . h(k) = 0.
Denote X;(k) = (z;(k),vi(k))", and X (k) = (XT(k), X5 (k), - ,X%(k))T € R*M. Then
substituting (2) into (1) yields the following closed-loop system in the form of a stochastic

system:

X(k+1)=|Iy ®§ + h(k)L @ B| X (k) + h(k)On(k), (3)
where § = ((1) ) B = (Pl Pl)? 0 = diag(elv Og, -+ 791\7) € RzNX2N27 0; = (ail (021 U?ﬂ )7
@i2 (‘7111 Ov;o ) o alN( ?N Uv(?N )) € R2X2N77; =12---,N, ﬁ(k) = (n$11(k)777v11(k)7 )

Mo (K)o (), s (), s (R), o (), 1o ()T € RPV
Definition 2.3 A distributed protocol U = {u;, i = 1,2,---, N} is said to be a mean
square bipartite consensus protocol for the system in (1), if for any given X;(ko) € R?, ko > 0,
there exist £ and £ such that
Jim Blzi(k) - vg;]* =0, lim Elvi(k) - %g5)* =0, (4)
where v; € {£1}, (i = 1,2,--- | N), E(§}) = D(&)) = 0, E(&7) = ¥(z1(ko), vi(ko), -, 2N (ko),
vn (ko)), D(E) < oo, and 9(+) is a linear function.

The above definition can be compared with conventional consensus'® and continuous-time
bipartite consensus(?!, respectively. Intuitively, the conditions in (4) mean that each agent’s
position and velocity will converge in mean square sense to =& and +£;;, respectively.

As mentioned earlier the interactions among the agents in (1) are illustrated by a signed
digraph G = (V, &, A). In what follows, we list the following conditions for better reading.

(Hy) Signed digraph G = (V, &, A) has a spanning tree.

(H2) Signed digraph G = (V, &, A) is structurally balanced.

(Hs) 5%, h(i) = .
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(Ha) 3772 h* (i) < oo

(Hs) G is weight balanced.

Remark 2.4 In Definition 2.3, if 9(-) is a weight average of the initial states, i.e.,
E) = %sz\; vilzi(ko) + vi(ko)], then the protocol U is called a mean square bipartite
average consensus protocol.

Remark 2.5 The protocol in (2) is consistent with the protocol in [20] if a;; > 0, ¢,j =
1,2,---, N, i.e., the signed digraph reduces to a conventional graph with nonnegative weights.
In (2), h(k) is needed to be sufficiently small when k is sufficiently large, that is, limy_,cc h(k) =
0. This is to make sure that the eigenvalues of the state matrix in the closed-loop system are
in the unit circle of the complex plane.

Remark 2.6 From the subsequent analysis, it can be seen that v; € {£1} in Definition 2.3

is determined by the communication topology and independent of the initial states.

2.3 Useful Lemmas

Lemma 2.7 Consider the following linear time-varying discrete-time system

where qc I\LA € (Cv RC(A) > 07y(k) = (yll(k)7912(k)7 U 7Z/q1(/€)7yq2(k’))T € Rqu

Jy JZ 0
o J J2 ... 0
JQ(kv A) = . .q ,q . . )
0 0 0 .
S 1 1 L 0 0
! —M(k) =Mk) ) —h(k) —h(k)

Assume Dk, ko) is the state transition matriz of (5). Then limg_ oo ®*(k, ko) = 0, if limy_ oo
h(k) =0 and Y ;2 h(i) = co.

PTOOf Denote yl(l@) - yu(k) + le(k)v 1= 1727"' » 4, and define y(k) = (yl(k)7y2(k)7
-+, 7,(k))T € R% Then it can be easily shown that

gk +1) = Jo(k, N7(k), (6)
where
1 — Ah(k) —h(k) ‘e 0
_ 0 1—An(k) --- 0
JQ(kv)‘) = .
0 0 <o« 1= Ah(k) oxa
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Let 5)\(16, ko) be the state transition matrix of the system in (6). Then
_ A _
y(k) = & (k, ko)y(ko). (7)

According to Lemma 5 of [28], for any & > 0, there exists M > 0 such that || EA(k,ko) l2<

“ESE S O if limy o h(k) = 0. Tt follows that limy_se @ (k, ko) = 0, if S35°, h(i) =
0o. Combining this with (7) gives limy_o G(k) = 0, ie., limy_o T;(k) = 0,4 = 1,2,--+ ,q.
Recall §;(k) = yi1 (k) + vi2(k), i = 1,2,--- ,q. By (5), one obtains that y;1(k + 1) = 7,(k),i =
L2, q yie(k + 1) = =Ar(k)y;(k) — h(k)Yipi(k),i = 1,2,--- ¢ — 1, and ye(k + 1) =
—Ah(k)7, (k). This together with limy_, h(k) = 0 leads to limy . y(k) = 0. Since y(k) =
& (k, ko)y(ko), by the arbitrariness of y(ko), limy_.oo ®*(k,ko) = 0. |

The state transition matrix reveals many essential properties of the closed-loop system in (3).
The next lemma for the state transition matrix is indispensable to the convergence analysis of
the closed-loop system in (3).

Lemma 2.8 If (2) is a mean square bipartite consensus protocol, then there exists v €
RN | such that

Jm b(k, ko) = Bu”,

where = (71,0,72,0, -+ ,yn,0)T € R?V,

Proof From Definition 2.3 we know that for any given X;(ko) € R?, i =1,2,--- N, ko > 0,
there exist random variables £ and &, such that

lim Bl (k) - %&;)* =0, lm Elv;(k) - %€)* =0,

k—o0

where v, = £1, i =1,2,--- N, E(&) = % Ei\; vilzi(ko) + vi(ko)], and E(&X) = 0.
Denote v = (v1,72, -+ ,Yn)T. Then

lim B X (k) - (6,67 = 0. ®)

Let @(k,ko) be the state transition matrix of (3). Then the solution of (3) can be easily
shown as X (k) = ®(k, ko)X (ko) + S5 B(k,i + 1)h(i)On(i). Define Xo(k) £ S50 &k, i+

(2

1)h(i)On(i), and assume that Xo(k) converges to X3 in mean square. Then, by (8), one has

y® (BEE0)T = lim EX (k) = lim &(k, ko)X (ko) + EX;. (9)

ko0 ko0
Since X (ko) is arbitrary, there exist 7, £* and 7, fA*, respectively, such that
y® (EE,0)T =2 kllngo ®(k, ko)X (ko) + EX;,
7 ® (EE,0)T =3 lim &(k, ko)X (ko) + EX, (10)
where 7,,7; € {£1},i=1,2,---, N. This together with (9) leads to

7@ (B0 =70 2B, 0" -7 ® (BE,0). (11)
@Springer
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Immediately it follows that v = £ = +7.
By (10), we assume that limg_,oo ®(k, ko)X (ko) = v ® (f%,0)T. Since X (ko) is arbitrary,
one can take X (ko) as e; = (0,---,0, 1 ,0,---,0)T,i=1,--- 2N, respectively. Immediately

it follows that

kli{go @(k,ko) = (’Y® (f;vO)T7’Y® (f;;,O)T,'” Y ® (f;2N7O)T)

= (71707’72707"' 7’7N7O)T(f;7f§27"' ’ ;21\/)1><2N £ ﬁrUT~

This completes the proof. |
Remark 2.9 From the proof of Lemma 2.8 we know that - in Definition 2.3 may differ

at most by a minus sign for any given initial values. In this sense, 7 can be considered the same
since the minus can be seen as a part of random variable £¥/&%. Therefore, 7 is independent of

initial values.

3 Mean Square Bipartite Consensus
Theorem 3.1  Given the system in (1), (2) is a mean square bipartite consensus protocol

if and only if Conditions (Hy)—(Hy4) hold.

Proof Sufficiency. (H;)—(Hs2) and Lemma 2.1 imply that 0 is a simple eigenvalue of £ and
all the other eigenvalues have positive real parts. Then there must exist an invertible matrix
C € CN*N such that

C™1LC = A = diag(0, Ja, J3, - -+, Jy), (12)

where J; is ¢; dimensional Jordan block with eigenvalue \; on its diagonal. Obviously, g2 + ¢35 +
-+++gs=N—1and Re(\;) >0, i =2,3,---,s. Therefore, the closed-loop system in (3) can
be rewritten as

X(k+1)=(C®I)diag (1) (1) g (ko A2), o+ Jg (ko As) | (CT1 @ 1) X (k) + h(k)On(k),

where J;. (k, A\p), m = 2,3,---,s is defined as in (6). As follows from Lemma 2.7, the state

transition matrix @(k, ko) of (3) satisfies
. 11 A A -1
é(k7k0) = (C®12)dlag 00 , P 2(k7k0)7"' , P S(kka) (C ®IQ)7

where ¢*m (k,ko), m=2,3,--- s is defined as in Lemma 2.7. Immediately from Lemma 2.7,
(H3) and (Hy), one obtains that limy_.o, ®*(k, ko) =0,m =2,3,---,s. Therefore,

11
Jim @(k, ko) = (C' ® Ir)diag ,0,---,0 | (CT'® IL). (13)
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k—1
i=ko

A

The next step is to prove Xa(k) = >
a random variable by using Cauchy convergence criterion?”!. From (Hy) we know that for any
€ > 0, 3K; > 0 satisfying

D(k,i+ 1)h(i)On(i) converges in mean square to

By (13), for the given £ > 0, K5 > K; such that for Vi; > Iy > Ko,
||§Z5(ll,i)— @(lg,i)”z < g, Vi=ko,ko+1, -, K. (15)

By (13), there exists Mgy < oo satisfying

()2 < My (16)
Since
l2—1 li—1
Xa(h) = Xa(l) = Y [@(zl,j +1) = Bl j + 1)]h(j)9n(j) + Y @, + Dh(j) Onlh),
j=ko j=lo
by (14), (15) and (16), one has
Ki—1

E[(Xg(ll) - Xg(lg)) <X2(11) - Xg(lg))T]

<¢e?a Z R2(i) + 4M%ea + M ea,
2 J=k

where a = ||©O7|,. Since ¢ is arbitrary, there must exist a random vector X3 such that
X2(k) converges in mean square to X5 by Cauchy convergence criterion. Thus, X (k) =
®(k, ko)X (ko) + Xa(k) converges to X* in mean square sense. Denote X* £ (¢}, 03,15,05, -,

ty, 0%)T. Then, by (13), one obtains

11
X* = (C ® I)diag ,0,---,0 | (7 @ 1) X (ko) + X5
00

Thus,

11
E(X*) = (C ® I,)diag ,0,---,0 | (C7' @ L)X (ko). (17)
00

Denote the first column of C' as C, and define the first row of C~! as Cf = (b1,b2,- -+ ,by).
Then Cf C,. = 1. By (12), £LC = CA and C7'£ = AC~!. Thus, Cf £ = 0 and LC, = 0. From
(Hz) and Lemma 1 of [10] we know that there exists F' = diag(u1, po, -+, un) (s € {£1}) such
that FAF has all nonnegative elements, and hence, FLF1 = 0. Since 0 is a simple eigenvalue
of L, its eigensubspace is one dimensional. Without loss of generality we may assume that C,. =
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F1 = M1, 2,0 7MN)T' This together with (17) gives E(?r) = Hi Zjvzl bJ[IJ(kO) + Uj(’ﬁ))])
E(vf)=0,i=1,2,---,N. By definition,
D(X*) £ E[(X" — BE(X"))(X" — E(X"))"]
= B [x5(x3)"]

k—1
= lim S W)k, 1+ 1)OE [n(l)n" (1)] 0T " (k14 1). (18)
1=k
Denote
. 11 .
P* = (C ® Iz)diag ,0,---,0 ) (CT ® I2).
00

Then following the similar procedure as in Theorem 1 of [20], one has

s 10
Dx*) =Y h(1)8* 00" (") = (Ax)nxy @ :
I=ko 00
where Ap = pud, k1l =1,2,--- N, A =32, h*(l) leil Zjvzl bjaj;(o3,, + o3,,). Imme-
diately, one has D(rj) = Ay = A < o0, D(v}) = 0, Cov(x},1},) = Aim and Cov(v},v},) =
0,vi,m=1,2,--- ,N. Hence, Vm=1,2,--- /N,
lim E [z, (k) — /‘m:ulg]Q

k—o0
1
< Jim B [zm(k) = 650" + Bl — i) + 2 lim [E(n (k) = 6,)°)7 B, = )]
= D(},) + (Ex;,)* + D (&) + (Br])* = 2pmpa [Avar + (Bx;,) (Ex)]
= 0.

1
2

Similarly, limg—co E[vm (k) — pmpavi]? = 0. Taking & = 1}, & = v} and v = fmpta,
m=1,2,--- N, by Definition 2.3, one gets the sufficiency.

Necessity. The necessity is proved in the following five steps.

Step (I) Prove the necessity of (Hg), i.e., > o h(i) = oc.

Assume by contradiction that (Hz) does not hold, i.e., >~ h(i) < oo. Then, there exists
M > 0 such that Y ;2 h(i) = M. Denote X (k) = [In ® (1,1)] X(k) £ (Z1(k),Z2(k), -,
Zn (k)T € RY. Then, by (3),

X(k+1)=[In —h(k)L] X (k) + h(k) [In ® (1,1)] On(k). (19)
Let &(k, ko) be the state transition matrix of the system in (19). Then, ®(k, ko) = Hf;,:o (In
—h(i)L). By the definition of Laplacian, all the eigenvalues of £ have nonnegative real parts.
Thus there exists an invertible matrix P such that P~'LP = diag (J1, Jo, - - - , Js), where J;(1 <
j < s) is an n; x n; Jordan block with A; on its diagonal and n; + ng + --- + ng = N.
Clearly, Re()\;) > 0,5 = 1,2,---,s. Therefore, ®(k, ko) = PHf;kIO (In — h(i)J) P71, Since
Yoo h(i) < 00, limg—oo h(k) = 0. Therefore, there exists N* > 0 such that for any k > N*,
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0 < Ah(k) < 3In2, where A\* = max{Re()\;),j =1,2,---,s}. Taking kg = N* + 1, by

l—z>e 2 (0<x< %1n2), one obtains that for any j =1,2,--- s,
k—1
I @=xn6) ‘ H|1—)\h |>H|1—Re h(i)|
i:ko Zk}o Zk}o

%7 (s oy k—1 *
> H e 2Nh(i) _ o m2AT X, h(D) > e 2V M 5 .
i:ko

i=ko
®(k, ko) is the state transition matrix of (3), @(k,ko)[In ® (1,1)] = [In ® (1,1)]®(k, ko).
Immediately, one has Iy ®(1,1) = (limy—o ?(k, ko))_l [Ty ® (1,1)] (limg—oo D(k, ko)). Hence,
rank [limy,_.c @(k,ko)] = N. This contradicts the statement of Lemma 2.8. Thus, Y =, h(i) =
00, i.e., (H3) holds.
Step (II) Prove that 0 is a simple eigenvalue of L.

Therefore, limg_ [Hk:l (1- )\Jh(z))} # 0, and hence rank [limj_. ®(k,ko)] = N. Since

First, we prove that 0 is an eigenvalue of L. If otherwise, 0 is not an eigenvlaue of £. Then
from (Hs3) and Lemma 2.7 we know that limy_.., ®(k, ko) = 0. Combining this with (9) leads to
EX; =y®(E¢:,0)T. Since EX3 has nothing to do with the initial state X (ko), F&} is indepen-
dent of X (ko). This contradicts the statement that E€} = 1(x1 (ko),v1(ko), -, zn(ko), vn(ko))-
Thus, 0 is an eigenvalue of £. Assume JY is a Jordan block associated with eigenvalue 0. Then
J? must be one dimensional. If otherwise, without loss of generality we may assume that JV is

two dimensional, i.e., J{ = (3 }). A direct calculation gives

1 1 Z k0+1 h(i) Z k0+1 h(i)
&k, k) = 0 0 —h(ko) —h(ko) 7

0 0 1 1

0 0 0 0

which is a block matrix associated with J{ in @(k, ko). By Y ooq h(i) = oo, limp—oo ®°(k, ko)
does not exist and hence limy_.o, ®(k, ko) does not exist. This contradicts Lemma 2.8. Other
cases can be similarly proved. Therefore, the Jordan block corresponding to eigenvalue 0 is one
dimensional.

Second, we prove 0 is a simple eigenvalue of £. Assume by contradiction that the multiplicity
of 0 is m and m > 1. Without loss of generality we may assume that m = 2. Since the Jordan

block corresponding to 0 is one dimensional, by a abuse of notation,

11 11
lim &(k, ko) = (C ® I,)diag , ,0,---,0] (C7' e L).
k—o0 00 00

Thus, rank (limy o, @(k, ko)) = 2. This contradicts the statement that rank (limg—..o ®(k, ko)) =
rank(BvT) < 1. Other cases can be similarly proved. So m = 1.

Finally, 0 is a simple eigenvalue of L.
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Step (IIT) Prove the necessity of (Hs).

From Step (II) we know that 0 is a simple eigenvalue of £. For simplicity, we use the same
symbol in (12) and have C~'£LC = A = diag(0, Ja, J3, - - , J5). Combining (13) with Lemma 2.8
leads to

. 11 . T
(C ® I)diag 00 ,0,--- 0] x(CT®1)=pv".
This implies that C. = (71,72, - ,7~)T - f*, where C,. is the first column of C' and f* =
v (Cr® (1 0)T). From (12) we know LC, = 0. Thus, £(y1,72,---,7n)" = 0. Therefore,
for Vj, i >34 lail = 30,4 v50i5,5 = 1,2,--- ,N. Since v; = +1,92 = 1,i = 1,2,---, N,
Z#i lai;| = E#i vivjaij, and hence 7;v;ai; = |aij| > 0. Denote Vi = {i|y; = 1,7 =
1,2, N} and Vo = {ijy; = —1,i = 1,2,---,N}. Then ViJVe = V, iV = @ and
for any k € Vg,l € Vi, s £ m,s,m € {1,2}, ag; < 0; for any k,l € V,,,m € {1,2},ax; > 0. By
definition, G is structurally balanced, i.e., (Hz) holds.

Step (IV) Prove the necessity of (Hy).

Since Step (IT) and Step (III) hold, Lemma 2.1 implies that G has a spanning tree, i.e., (Hy)
holds.

Step (V) Prove the necessity of (Hy).

By a slight abuse of notation, we assume C}f = (b1, bs,--- ,by) is the first row of C~! and
CyL =0. By (3),onehas [Cf ® (1,1)] X(k+1) = [CF ® (1,1)] X (k)+h(k) [C)f ® (1,1)] On(k).
Denote (T = CF @ (1,1). Then ¢TX (k) = (T X (ko) + Zf:_klo h(i)¢T On(i). By Definition 2.3 we

know that Zi:klg h(i)¢" On(i) converges in mean square to a random vector with finite variance.

2
Hence limy_,oo E [Zkil h(i)¢™ Qn(i)} < oo. If (Hy) does not hold, i.e., >°:° h?(i) = oo, then

i=ko
limy— o0 E [zf;,jo h(i)¢T @n(i)} ®  limpn SR B2(5)¢TOOTC = oo. This leads to a contra-
diction. Hence, Y 2 h%(i) < oo, i.e., (Hy) holds. |

Remark 3.2 From the sufficiency proof of Theorem 3.1 we know that ~; = p;u1, i =
1,2,--+, N, where u; is the element of right eigenvector associated with eigenvalue 0 of L.
Therefore, ~; is determined by the communication topology and has nothing to do with the
initial state X (ko).

Remark 3.3 Under (H;) and (Hz), the bipartite consensus problem over signed digraphs
can be transformed into a consensus problem over traditional digraphs. Therefore, part of the
sufficiency proof of Theorem 3.1 can be similarly derived from [20]. In the necessity proof of
Theorem 3.1, however, (H;) and (Hz) are no longer prerequisites, but conclusions to be derived.
Thus, methods in [16] and [20] are not applicable.

Remark 3.4 It is worth noting that results in [22] depends on the precondition (Hy), i.e.,
G has a spanning tree. Here, from Theorem 3.1, it can be seen that (H;) is also necessary for

mean square bipartite consensus.

Theorem 3.5 The protocol in (2) is a mean square bipartite average consensus protocol
for (1) if and only if (H1)—(Hs) hold.
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Proof Sufficiency. Since (H;)—(H4) hold, using the same arguments as in the sufficiency
proof of Theorem 3.1, one sees that 0 is a simple eigenvalue of £, FLF1 = 0, and C;, =
(by,ba, -+, bn)T, Cr = F1 = (1, pa, -, un)T (s = £1,i = 1,2,--- | N) are the left and right
eigenvector associated with eigenvalue 0, respectively. Applying (Hs), we obtain 1TFLF = 0.
Thanks to CfC, = 1, Cf = %1TF = %(,ul,,ug,w- JUN), e, by = %,uj,j =1,2,---,N. By
Definition 2.3, the protocol in (2) is a mean square bipartite average consensus protocol.

Necessity. From the necessity proof of Theorem 3.1 it can be seen that (H;)—(H4) hold. It
suffices to show that (Hs) holds. From Step (III) and Step (V) in the necessity proof of Theo-
rem 3.1, we know that Cy = (by,b2,--- ,by)T and C, are the left and right eigenvectors associ-
ated with eigenvalue 0 of £, respectively. Furthermore, C,. = f*(y1,72, -+ ,¥~) T, vivai; > 0.
Since CFC, = 1, f*S°1  bjy; = 1. Denote (T = CF @ (1,1) = (b1, b1,ba,ba, -+, by, by) T
Then, by (3), one has ¢(TX (k) = ("X (ko) + 34— h(6)¢T On(i). Thus, limy_.o E ((TX (k) =
(T X (ko) = Ef\il bi[zi(ko) + vi(ko)]. On the other hand, by Definition 2.3, one has

kli{go E(CTX(]C)) = kli{go E[blxl(k) + bivy (k) + -+ bNLCN(k) + bN’UN(k)]

N
=D b | B
j=1

N 1 N
= Z bjvj N Z vilzi(ko) + vi(ko)]-
Jj=1 i=1

N . .
Thus, b; = w%,i =1,2,---,N. Denote s; = Nf*b; (i = 1,2,---,N) and assume
S = diag (s1, 52, -+ ,sn). Then SAS has all nonnegative elements and 1TSL = Nf*Cf £ = 0.

By Lemma 2.2, G is weight balanced, i.e., (Hs) holds. |

Remark 3.6 In conventional consensus work[?!l, (H;), (H3)—(Hs) are proved to be suffi-
cient conditions for ensuring mean square average consensus. Here, from Theorem 3.5, one can

see that they are also necessary to achieve mean square bipartite average consensus.

4 Simulation
In this section, we present two simulation examples to illustrate our theoretical results.

Example 4.1 Counsider a group of 5 agents where each agent is described by (1). The
communication interactions among 5 agents are represented by a signed digraph Gy = (V, &1,.41)
as illustrated in Figure 1, where V = {1,2,3,4,5}. Obviously, agent 5 is the root of G;, and
hence, it has a spanning tree. From Figure 1 we know that as; = 1, a15 = —2, agqs = —1,
and a45 = 1. By definition, G; is structurally balanced. Assume that £, is the Laplacian of
G1. Then, the eigenvalues of £q are 1, 2, 1, 1, 0 and left and right eigenvectors associated with
eigenvalue 0 are Cy = (by, b2, ,b5)T =(0000 —1)Tand C,. = (111 —1 —1)7, respectively.
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Figure 1 Signed digraph G

Considering the effects of measurement noise, we choose h(k) = ﬁ, k=0,1,---, in pro-
tocol (2). It is known that h(k) satisfies (H3) and (H4). Suppose that the initial states are
given by X1(0) = (-4 2)T, X5(0) = (5 17T, X3(0) = (0 )T, X4(0) = (2 —2)T, and
X5(0) = (=2 4)T. Let V11 = {1,2,3} and V12 = {4,5}. The positions and velocities of agents
in V11 and V12 evolve by applying the protocol in (2), which are presented in Figures 2 and 3,
respectively. From Theorem 3.1 and Definition 2.3 we know that x;(¢)/v;(t) (i = 1,2,---,5) will
converge to &%/ + & in mean square sense. Moreover, E(£}) = Z?:1 b;[z;(0) +v;(0)] = -2
and E(§)) = 0. They are validated by Figures 2 and 3, respectively.

0 50 100 150 200 0 50 100 150 200
ils s

Figure 2 Position curves of agents over G; Figure 3 Velocity curves of agents over Gi

Example 4.2 Particularly, suppose the communication interactions among the five agents
in Example 4.1 are represented by signed digraph Go = (V, &3, A2), as illustrated in Figure 4,
where (‘:2 = {(1,2), (2,5), (5, 1), (5,4), (4,3), (3, 1)} and aiz = ]., als = —2, asl) = 3, asqg = —1,
as2 = —3 and asy = 1. Obviously, Go not only satisfies (Hy) and (Hz), but also is weight
balanced. The eigenvalues of Laplacian £y are 4.6040 4 2.24797, 0.3960 + 0.54807 (5> = —1), 0
and right eigenvector associated with eigenvalue 0 is C, = (=1, -1, —1,1,1)7T,
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Figure 4 Signed digraph G2

To reduce the detrimental effects of measurement noise, h(k) = ﬁ, k=0,1,--- is chosen
in Protocol (2). Clearly, h(k) satisfies (Hs) and (Hy4). The initial states are X;(0) = (=4 2)7,
X2(0) = (5 1)", X5(0) = (20)", X4(0) = (1 —2)T, X5(0) = (-2 4)".

The positions and velocities of the five agents evolve by applying the protocol in (2), which
are illustrated in Figures 5 and 6, respectively. From Theorem 3.5 we know that the position
and velocity of each agent will converge in mean square to & and +&7, respectively. Moreover,
E() =+ Z?Zl 7;[2;(0) +v;(0)] = —1 and E(&}) = 0. They are validated by Figures 5 and 6,
respectively.

—

- -

PO,

—e Vv,

. . . . .
50 100 150 200 0 50 100 150 200
s ils

Figure 5 Position curves over Ga Figure 6 Velocity curves over Ga

5 Conclusion

The bipartite consensus problem is investigated for discrete-time double-integrator MASs in
the presence of measurement noise. Necessary and sufficient bipartite consensus conditions are
established, where the signed graph is required to be structurally balanced and have a spanning
tree. Further, if the signed digraph is weight balanced, mean square bipartite average consensus
is achieved. Within this theoretical framework the switching communication topology will be

our focus in the future work.
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